This paper discusses the existence of mild solutions for a class of fractional impulsive evolution equation with periodic boundary condition and noncompact semigroup. By using some fixed point theorems, the existence theorems of mild solutions are obtained, our results are also more general than some well-known results. Furthermore, as applications that illustrate the abstract results, two examples are given.
Introduction
Fractional differential equations arise in many engineering and scientific disciplines as the mathematical modeling of systems and processes in the fields of physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology, and they have emerged as an important area of investigation in the last few decades; see [-] .
The theory of impulsive differential equations is a new and important branch of differential equation theory, which has an extensive physical, population dynamics, ecology, chemical, biological systems, and engineering background. Therefore, it has been an object of intensive investigation in recent years, some basic results on fractional impulsive differential equations have been obtained and applications to different areas have been considered by many authors, we refer to [-] and the references therein.
At present, the concept of solutions for impulsive fractional differential equations [-] has been argued extensively. There are some ways to consider the notion of solution of the form f (s, u(s)) ds, t ∈ [, t  ),
f (s, u(s)) ds, t ∈ [t  , t  ),
f (s, u(s)) ds, t ∈ [t  , t  ), . . .
(.)
Finally, we agree with the second approach, which the concept of solutions for impulsive fractional differential equations has been given by (.). Furthermore, we point out an interesting recently published paper written by Liu and Ahmad [] , where the formula of solutions for semilinear impulsive fractional Cauchy problems (see () in [] ) is coincident with ours (see Lemma .), if one imposes the requirement that the semilinear term and impulsive term have the same expression in a given finite interval. This paper very thoroughly and deeply explains the meaning of solutions for impulsive fractional differential equations from several points of view, and in this way it also supports our approach. On the other hand, as far as we know there are few papers studied the fractional evolution equations with noncompact semigroup. Recently, Wang et al. [] discussed the local existence of mild solutions for nonlocal problem of fractional evolution equations in the situation that -A generates a noncompact analytic semigroup. Chen et al. [] investigated the existence of saturated mild solutions for the initial value problem of fractional evolution equations in the situation that -A generates an equicontinuous C  -semigroup. However, periodic boundary value problem for impulsive fractional evolution equations have not been studied extensively. In [], Yu et al. studied periodic boundary value problem for impulsive fractional evolution equations:
Shu et al.
[] investigated S-asymptotically ω-positive periodic solutions to the following fractional partial neutral differential equations:
where c D α t is the Caputo fractional derivative with  < α <  and -A is the infinitesimal generator of an analytic semigroup {T(t)} t≥ .
Wang Furthermore, to the best of our knowledge, the theory of periodic boundary value problems for nonlinear impulsive fractional evolution equations is still in the initial stages and many aspects of this theory need to be explored; motivated by the above discussion, in this paper, we use some fixed point theorems and a measure of noncompactness to discuss the existence of mild solutions for the periodic boundary value problem (PBVP) of impulsive fractional evolution equations of Volterra type in an ordered Banach space E, 
represent the right and left limits of u(t) at t = t k , respectively, and
The rest of this paper is organized as follows: In Section  we recall some basic wellknown results and introduce some notations. In Section  we discuss the existence theorems of solutions for periodic boundary value problem (.). Two examples will be presented in Section  illustrating our results.
Preliminaries
In this section, we briefly recall some basic well=known results which will be used in the sequel.
Let E be a Banach space with the norm · and C(J, E) denote the Banach space of all continuous E-value functions on interval J with the norm u = max t∈J u(t) .
Let PC(J, E) = {u : J → E, u(t) is continuous at t = t k , and left continuous at t = t k , and
Then there exist constants N >  and δ ∈ R such that
For completeness we recall the definition of the Caputo derivative of fractional order.
Definition . The fractional integral of order α of a function f : [, ∞) → R is defined as
provided the right side is point-wise defined on (, ∞), where (·) is the gamma function.
Definition . The Riemann-Liouville derivative of order α with the lower limit zero for a function f : [, ∞) → R can be written as
where n = [α] +  and [α] denotes the integer part of α.
That is to say that Definition . is just the usual Caputo's fractional derivative. In this paper, we consider an impulsive problem, so Definition . is appropriate.
Remark . If u is an abstract function with values in E, then the integrals which appear
in Definitions . and . are taken in Bochner's sense.
In this paper we adopt the following definition of mild solutions, which comes from [, , , , ].
Definition . By a mild solution of the initial value problem
where
are the functions of Wright type defined on (, ∞) satisfying
We first give the following lemmas to be used in proving our main results, which can be found in [] .
Lemma . The operators T α (t) and S α (t) (t ≥ ) have the following properties:
(i) For any fixed t ≥ , T α (t) and S α (t) are linear and bounded operators, i.e., for any u ∈ E,
Suppose that here the bounded operator B : E → E exists given by
We present sufficient conditions for the existence and boundedness of the operator B.
Lemma . (see Theorem . and Remark . []) The operator B defined in (.) exists and is bounded, if one of the following three conditions holds: (i) T(t) is compact for each t >  and the homogeneous linear nonlocal problem
has no non-trivial mild solutions. Now, we recall some properties of the measure of noncompactness will be used later. Let α(·) denote the Kuratowski measure of noncompactness of the bounded set. For any B ⊂ C(J, E) and t ∈ J, set B(t) = {u(t) : u ∈ B} ⊂ E. If B is bounded in C(J, E), then B(t) is bounded in E, and α(B(t)) ≤ α(B).
Lemma . ([]) Let E be a Banach space, and let B ⊂ E be bounded. Then there exists a countable set B  ⊂ B, such that α(B) ≤ α(B  ).

Lemma . ([]) Let E be a Banach space, and let B ⊂ C(J, E) is equicontinuous and bounded, then α(B(t)) is continuous on J, and α(B) = max t∈J α(B(t)).
Lemma . ([]) Let B = {u n } ⊂ PC(J, E) be a bounded and countable set. Then α(B(t))
is Lebesgue integral on J, and 
Main results
In this section, we will present some main results. Before stating and proving these results, we introduce some notations and lemmas which are used in this sequel. For B ⊂ C(J, E), let B(t) = {u(t) : u ∈ B} and denote B r (J) = {u ∈ PC(J, E) : u ≤ r}.
satisfies all the equalities of (.).
Lemma . Let T(t) (t ≥ )
be an exponentially stable C  -semigroup in E generated by -A, then the PBVP (.) has a unique mild solution u ∈ PC(J, E) given by
and T α , S α are given by (.).
Proof For any u ∈ PC(J, E), by Definition . and the proof of [], we know easily that the initial value problem of the impulsive fractional evolution equation
has a unique mild solution u ∈ PC(J, E) given by
where T α and S α are given by (.). We show that the PBVP (.) has a unique mild solution u ∈ PC(J, E) given by (.). If a function u ∈ PC(J, E) defined by (.) is a solution of the PBVP (.) and u  = u(ω), then
Since T(t) (t ≥ ) is exponentially stable, we define an equivalent norm in E by
Then x ≤ |x| ≤ N x and |T(t)| < e -δt (t ≥ ), and especially, T(ω) < e -δω < . It follows that I -T(ω) has a bounded inverse operator [I -T(ω)] - by virtue of Lemma .(iii).
Hence we choose
s, u(s), Fu(s), Gu(s) ds
Then u  is the unique initial value of the problem (.) in E, which satisfies u() = u  = u(ω). It follows that the mild solution u of the problem (.) corresponding to initial value u() = u  = R(h) is just the mild solution of the PBVP (.). Therefore, the conclusion of Lemma . holds.
To prove our main results, the following lemma is needed.
where M i ≥  (i = , , ) are constants. Then m(t) ≡  for t ∈ J provided the following condition holds: (i)
Proof Let us suppose that (i) holds. Then, from (.),
If follows by integrating the above inequality that
and by assumption (i), implies
and so m(t) ≡ , t ∈ J. The proof of this lemma is complete.
Throughout this paper, we introduce the following hypotheses: 
for any countable subsets {x n } ⊂ PC(J, E).
Theorem . Let E be a Banach space, A : D(A) ⊂ E → E be a closed linear operator and -A generate an equicontinuous C  -semigroup T(t) (t ≥ ) in E. Assume that the conditions (H)-(H) are satisfied. Then the PBVP (.) has at least one mild solution on J.
Proof Choosing
is a closed, bounded and convex subset of PC(J, E). From Lemma ., we define the mapping Q : PC(J, E) → PC(J, E) by
where R(u) is given by (.). Obviously, u is a mild solution of the PBVP (.) if and only if u is a solution of the operator equation u = Qu. We will use Sadovskii's fixed point theorem to prove that the operator equation u = Qu has a solution on B r  (J). Our proof will be divided into four steps.
Step . We show that QB r  (J) ⊂ B r  (J). Let  < r  < min(r  ,
), for any u ∈ B r  (J) and t ∈ J, we have
So Fu ∈ B r  (J). Similarly, we prove Gu ∈ B r  (J). For each t ∈ J  = [, t  ], by Lemma .(i) and (.), we have
By the same method, for each t
Hence, Qu ≤ r  , for any u ∈ B r  (J), i.e., Qu ∈ B r  (J).
Step . Now we show that Q is continuous from B r  (J) into B r  (J). To show this, for any u n , u ∈ B r  (J), n = , , . . . , with lim n→∞ u n -u = , we get 
On the one hand, using (H), we get, for each t ∈ J,
in [, t).
On the other hand, the function s
By Lebesgue dominated convergence theorem, we have
as n → ∞.
Then we have
which implies that Qu n → Qu uniformly on J as n → ∞ and so Q : B r  (J) → B r  (J) is a continuous operator.
Step . Now, we demonstrate that {Qu : u ∈ B r  (J)} is equicontinuous. For any u ∈ B r  (J) and
Here we calculate
Therefore, we inspect that I i tend to , when t  -t  → , i = , , . . . , . For I  , I  , by Lemma .(iv), we have
For I  , I  by Lemma .(i) and (H), we have
For I  , by Lemma .(iv) and (H), we have
In conclusion, (Qu)(t  ) -(Qu)(t  ) →  as t  -t  → , which implies that Q(B r  (J)) is equicontinuous. Let B = coQ(B r  (J)). Then it is easy to verify that Q maps B into itself and B ⊂ PC(J, E) is equicontinuous.
Step . Now, we prove that Q : B → B is a condensing operator. For any W ⊂ B, by Lemma ., there exists a countable set W  = {u n } ⊂ W , such that
By the equicontinuity of B, we know that W  ⊂ B is also equicontinuous. By this fact that
we have
, by the definition of Q, (.), (.) and Lemma ., we have
For t ∈ J k = (t k , t k+ ], k = , , . . . , m, by the definition of Q, (.), (.) and Lemma ., we have
Hence, for any t ∈ J, we have
Since Q(W  ) is bounded and equicontinuous, by Lemma ., (H) and (H), we have
Then Q : B r  (J) → B r  (J) is a condensing mapping. By Lemma ., Q has at least one fixed point u in PC(J, E). 
Theorem . Let E be a Banach space, A : D(A) ⊂ E → E be a closed linear operator and
is satisfied. Then the problem (.) has at least one solution on J.
Proof For convenience, we denote B = {v n : n ∈ N} and B  = {v n- : n ∈ N}. Then B = Q(B  ). We will consider set B  and prove set B  is relatively compact. It follows from Theorem . that B  is uniformly bounded and equicontinuous on J. Next, we only prove that, for any t ∈ J, set B  (t) = {v n- (t) : n ∈ N} is relatively compact in E.
For t ∈ J, there exists a J k- such that t ∈ J k- . By (.) and Lemma ., we have
and therefore, 
Conclusions
In this paper, by applying some well-known fixed point theorem, many new existence theorems of solutions are established under weaker conditions. In particular, we can extend the well-known results in Mu [, ] and point out some essential flaws in their manuscripts.
